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Abstract 

Different (not only by sign) affine connections are introduced for con- 
travariant and covariant tensor fields over a differentiable manifold by 
means of a non-canonical contraction operator, defining the notion dual 
space and commuting with the covariant and with the Lie-differential 
operator. Classification of the linear transports on the basis of the con- 
nections between the connections is given. Notion of relative velocity and 
relative acceleration for vector fields are determined. By means of these 
kinematic characteristics several other types of notions as shear velocity, 
shear acceleration, rotation velocity, rotation acceleration, expansion ve- 
locity and expansion acceleration are introduced and on their basis the 
auto-parallel vector fields are classified. 
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1 Introduction 

The evolution of the differential geometry is due to a great extent to ideas 
connected with attempts for describing different types of physical interactions 
by means of differential geometric methods. The created at the beginning of the 
20-th century theory of relativity carried out the hypotheses of some geometers 
about connections between space-time and material systems, evaluating in it, 
as well as ideas of many physicists, trying to investigate mathematical models 
of physical systems by means of differential-geometric structures (Lichnerowicz 
1979). 

The evolution of the special and the general theory of relativity and the 
attempts for their generalization and connection with other theories of physical 
interactions provided opportunity for using new geometrical structures (differ- 
ent types of fiber bundles, geometries, different from the Riemannian geometry, 
complex manifolds, different basic vector fields and metric tensor fields, differ- 
ent connections) (fvanenko, Pronin, Sardanashvily f985), (Barvinskii, Pono- 
mariev, Obukhov 1985), (Hehl 1966, 1970, 1973, 1974). Different methods 
are also used in finding solutions of equations for the gravitational field con- 
nected with differential-geometric structures over manifolds (special vector and 
tensor fields, spinor fields etc.). Problems, arising in solving the equations 
of modern gravitational theories, induced an evolution of new approaches to 
existing mathematical models and created preconditions for working out new 
differential-geometric methods (Kramer, Stephani, MacCallum, Herlt 1980), 
(Kramer, Stephani 1983).. 

For a century only the mathematical models of the space-time went from the 
Euclidean, Minkowskian and (pseudo)Riemannian space-time to more sophis- 
ticated spaces with linear (affine) connection and metric (Hecht, Hehl 1991), 
(Hehl, von der Heyde 1973), (Hehl, Kerlik 1978). The generalization of the 
Newton's theory of gravitation in the Einstein's theory of gravitation (ETG) 
was an important step toward the use of two essential differential-geometric 
objects in the gravitational theory: the metric, which allows the definition of 
a distance between two points of a manifolds, considered as a model of space- 
time and the affine connection, which allows the transport of a geometric object 
from one point to another point of a manifold and a comparison of two objects 
at one and the same point. In the Riemannian geometry these two geomet- 
ric objects are connected each other - the Levi-Civita (symmetric) connection 
can be given by means of the Riemannian metric. This was at the beginning 
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the mathematical basis for the ETG and its generalization in the range of the 
Riemannian geometry. But later on the generalizations went on two different 
directions: in the first one two different metrics over the one and the same 
manifold were introduced (bi-metric theory of gravitation (Rosen 1973, 1974), 
(Logunov, Mestvirishvili 1989)) and in the second - two different connections 
for the tensor fields over a manifold were introduced (bi-connection theory of 
gravitation (Tchcrnikov 1987, 1988, 1990)). For Riemannian spaces these two 
directions came one into another. In the last few years new attempts are made 
to revive the ideas of Weyl, (Edington 1925) and (Schroedinger 1950) for us- 
ing manifolds with independent affinc connection and metric (spaces with affinc 
connection and metric or (L n , g)-spaces) as a model of space-time in a theory 
of gravitation (Hecht, Hehl 1991). In such spaces the connection for co-tangent 
vector fields (as dual to the tangent vector fields) differs from the connection 
for the tangent vector fields only by sign. The last fact is due to the definition 
of dual vector spaces over points of a manifold, which is a trivial generalization 
of the definition of algebraic dual vector spaces from the multi linear algebra 
(Greub 1978), (Efimov, Rosendorn 1974), (Greub, Halperin, Vanstone 1972, 
1973), (Bishop, Goldberg 1968), . The hole modern differential geometry is 
build on the one hand as a rigorous logical structure having as one of its main 
assumption the canonical definition for algebraic dual vector spaces (with equal 
dimensions) (Choquet-Bruhat, DeWitte-Morette, Dillard-Bleik 1977). On the 
other hand, the possibility of introducing a non-canonical definition for algebraic 
dual vector spaces (with equal dimensions) has been pointed out by many math- 
ematicians (Kobayashi, Nomizu 1963) who have not exploited this possibility 
for further evolution of the differential-geometric structures and its applications. 
The canonical definition of dual spaces is so naturally embedded in the ground 
of the differential geometry that no need has occurred for changing it (Mat- 
sushima 1972), (Boothby 1975), (Lovelock, Rund 1975), (Norden 1976). But 
the last time evolution of the mathematical models for describing the gravita- 
tional interaction on classical level shows a tendency to generalizations using 
spaces with affinc connection and metric, which can be also generalized using 
the freedom of the differential-geometric preconditions. The fact, that affinc 
connection, which in a point or over a curve in Riemannian spaces can vanish 
(principle of equivalence in ETG), can also vanish under special choice of the 
basic system in a space with affine connection and metric (von der Heyde 1975), 
(Iliev 1992), shows that the equivalence principle in the ETG is only a corollary 
of the mathematical apparatus used in this theory. Therefore, every differen- 
tiable manifold with affine connection and metric can be used as a model for 
space-time in which the equivalence principle holds. But, if the manifold has 
two different (not only by sign) connections for tangent and co-tangent vector 
fields, the situation changes and is worth being investigated. 

In Section 1. the notions contravariant and covariant affine connection are 
defined for contravariant and covariant tensor fields over differentiable mani- 
folds. It is shown that these two different (not only by sign) connections can be 
introduced by means of changing the canonical definition of dual vector spaces 
(respectively of dual vector fields). 
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In Einstein's theory of gravitation (ETG) kinematic notions related to the 
notion relative velocity such as shear velocity tensor (shear velocity shear) er, 
rotation velocity tensor (rotation velocity, rotation) w and expansion velocity 
(expansion) 9, are used in finding solutions of special types of Einstein's field 
equations and in the description of the properties of the (pseudo)Ricmannian 
spaces without torsion (T/„-spaces). By means of these notions a classification 
of V^-spaces, admitting special types of geodesic vector fields has been pro- 
posed (Ehlers 1961). The same kinematic characteristics are also necessary for 
description of the projections of the Riemannian (curvature) tensor and the 
Ricci tensor along a non-isotropic (non-null) vector field (Kramer, Stephani, 
MacCallum, Hcrlt 1980) and in obtaining and using the Raychaudhuri identity 
(Hawking, Ellis 1973) in y„-spaces. 

The kinematic characteristics, connected with the notion relative velocity 
can be generalized for vector fields over differentiable manifolds with contravari- 
ant and covariant affine connection and metric ((L„, g)-spaces) so that in the 
case of (L ni g)- and V^-spaces (as a special case of {L ni <?)-spaces) and for nor- 
malized non-isotropic vector fields these characteristics are the same as those, 
introduced in the ETG. In analogous way as in the case of the kinematic char- 
acteristics, related to the notion of relative velocity, it is possible to introduce 
kinematic characteristics, related to the notion of relative acceleration such as 
shear acceleration tensor (shear acceleration), rotation acceleration tensor (ro- 
tation acceleration) and expansion acceleration (Manoff 1985, 1992). 

In Section 2., 3. and 4. the corresponding for (L„, g)-spaces notions of rela- 
tive velocity and relative acceleration are introduced. By means of these kine- 
matic characteristics several other types of notions such as shear velocity, shear 
acceleration, rotation velocity, rotation acceleration, expansion velocity and ex- 
pansion acceleration are investigated and on their basis the auto-parallel vector 
fields in (L n , g)-spaces are classified. The generalizations compared with those 
in (L„, g)-spaces (differentiable manifolds with affine connection and metric) 
appear only in the explicit forms of the expressions, written in a corresponding 
basis (or in other words - only in index forms). 

On the basis of the introduced notions deviation equations (playing impor- 
tant role in gravitational physics) and Lagrangian theories of tensor fields can be 
considered in (L ni <?)-spaces. If kinematic characteristics of a dynamic system 
are given as preconditions, then the corresponding type of differentiable mani- 
fold (which allows such characteristics) can be chosen as a model of space-time, 
where the evolution of the system is taking place. This idea connects different 
differential-geometric structures used for describing physical systems on classi- 
cal level. The main objects taken in such type of considerations can be given 
schematically as follows 
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Diffcrcntiablc manifolds 
with contravariant and covariant affine connections and metric 



Kinematic characteristics 
of contravariant vector fields 



Deviation equations 
for vector fields 



Lagrangian theory of tensor fields 



In the present paper we will concentrate our attention only on the kinematic 
characteristics of contravariant vector fields but some main ideas and definitions 
will be outlined. 

2 Differentiable manifolds with contravariant and 
covariant affine connection and metric [(L n , g)~ 
spaces] 

The notion algebraic dual vector space can be introduced in such a way (Efimov, 
Rosendorn 1974), in which the two vector spaces (the considered and its dual 
vector space) are two independent (finite) vector spaces with equal dimensions. 

2.1 Contraction operator 

Let X and X* be two vector spaces with equal dimensions dim X = dim X* = n. 
Let S be an operator (mapping) such that to every pair of elements u G X and 
p G X* sets an element of the field K (R or C), i.e. 

S : (ii,p) — ► z G K , u G X , p G X* . 

Definition 1. The operator (mapping) S is called contraction operator S, 
if it is a bi-linear symmetric mapping, i.e. if it fulfills the following conditions: 

a) S(u, Pl + P2 ) = S(u, Pl ) + S(u, P2 ) ,V!ieI,Vp,er,i = 1,2 , 

b) S(u 1 +u 2 ,p) = S{u uP ) + S(u 2 ,p) , Vui e X , i = 1,2 , Vp e X* , 

c) S(au,p) = S(u,ap) = a.S(u,p) , a € K , 

d) non-degeneracy: if u\, ...,u n are linear independent in X and S(ui 7 p) = 0, 
... , S{u ni p) — 0, then the p is the null element in X* . In analogous way, if 
Pi-,---, p n are linear independent in X* and S(u,pi) = 0, ... , S(u,p n ) = 0, then 
u is the null element in X, 

e) symmetry: S(u,p) = S(p, u) , Vm g X , Vp e X* . 
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Let ei,...,e n be an arbitrary basis in X, and let e , ...,e™ be an arbitrary 
basis in X* . Let u = u\e, e X and p = pk-e k £ X*. 
From the properties a) and b) it follows that 

S(u,p) = f k i.uKpk = u l .pj = Pk .u k ,Pj = .f k l .p k ,u k = f k t .u l , 

where 

f k ^S(e I ,e k )^S(e k ,e l )eK . 

In this way, the result of the action of the contraction operator S is expressed 
in terms of a bi-linear form. The property non-degeneracy d) means the non- 
degeneracy of the bi-linear form. The result S(u,p) can be defined in different 
ways by giving arbitrary numbers f k i G K, for which the condition det(/ fc 
i) ^ and the conditions a) - d) are fulfilled. 

Remark. In the canonical approach S = C and C(ei, e k ) — C(e k , Ci) = g k 
, g k = 1 for k = i, g k = for i ^ k. The contraction operator C is the 
corresponding to the canonical approach mapping(Boothby 1975), (Matsushima 
1972) 

C(u,p) = C(p, u) = p(u) = pi.u 1 . 

Definition 2. (Mutually) algebraic dual vector spaces := The spaces X and 
X* arc called (mutually) dual spaces, if an contraction operator acting on them 
is given and they are considered together with this operator (i.e. (X, X*,S) 
with dimX = n = dimX* defines the two (mutually) dual vector spaces X and 
X*). 

Remark. The generalization of the notion of algebraic dual vector spaces 
for the case of vector fields over differentiablc manifold is a trivial one. The 
vector fields are considered as sections of vector bundles over a manifold. The 
vector bases become dependent on the points of the manifold and the numbers 
p j are considered as functions over the manifold. 

Vector and tensor fields over a differentiable manifold are provided with the 
structure of a linear (vector) space by defining the corresponding operations at 
every point of the manifold. 

Thus, the definition of algebraic dual vector spaces over manifolds by means 
of the contraction operator S as a generalization of the contraction operator C 
allows considerations including functions /* j G C k (M) instead of the Kroneker 
symbol (/*-. 

2.2 Covariant differential operator. Contravariant and co- 
variant afRne connection 

The notion affine connection can be defined in different ways but in all definitions 
a linear mapping is given, which to a given vector of a vector space over a point x 
of a manifold M juxtaposes a corresponding vector from the same vector space 
in this point. The corresponding vector is identified as vector of the vector 
space over another point of the manifold M . The way of identification is called 
transport from a point to another point of the manifold. 
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Definition 3. Affine connection over a differentiable manifold M. Let V(M) 
(dimM = n) be the set of all (smooth) vector fields over the manifold M. The 
mapping 

V : V(M) x V(M) -» V(M) , 

by means of 

W(u,v) -> V„w ,i(,t)€ V(M) , 

with the following properties 

a) V„(u + w) = V u v + V u w , u, v, w g V(M) , 

b) V u (/«) = (u/).« + /.V u « , / g C r (M) , r > 1 , 

c) V u+t ,w = V u w + V^w , 

d) V fu v = f.V u v , 

is called affine connection over the manifold M. 

Definition 4. Covariant differential operator. The linear differential oper- 
ator (mapping) V u with the following properties 

a) V„(u + w) = V u v + \7 u w , u,v,w € V(M) , 

b) V a (/«) - (u/).v + /.V u « , / g C r (M) , r > 1 , 

c) V u+V w = V u w + V v w , 

d) V fu v = f.V u v , 

e) V u f = uf , / g C r (M) , r > 1 , 

f) V u (v <8> to) = V M w ® to + v ® V„w (Leibnitz rule), <g> is the sign for tensor 
product, 

is called covariant differential operator along the vector u. 

The result V u v of the action of the covariant differential operator on v is 
often called covariant derivative of the vector field v along the vector field u. 

In a given chart (co-ordinate system) the determination of Ve Q ep in the basis 
{e a } defines the components V^ 7 of the affine connection V 

Ve^e^ = V^g.e 7 , a,/3,7 = 1, ...,n . 

Definition 5. Space with affine connection. Differentiable manifold M, pro- 
vided with affine connection V, i.e. the pair (M, V), is called space with affine 
connection. 

The action of the covariant differential operator on a contravariant (tan- 
gential) co-ordinate basic vector field di over M along another contravariant 
co-ordinate basic vector field is determined by the affine connection V = T with 
the components Tfj in a given chart (co-ordinate system) defined through 

v ai 0i = r£..0 fc . 

For a non-co-ordinate contravariant basis 

e a (or a) £ T(M),T(M) = U xeM T x {M) 
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Definition 6. Contravariant affine connection. Affine connection V =T 
induced by the action of the covariant differential operator on contravariant 
vector fields is called contravariant affine connection. 

The action of the covariant differential operator on a covariant (dual to 
contravariant) basic vector field e a (e a G T*(M) , T*(M) = U xeM T*{M)) 
along a contravariant basic (non-co-ordinate) vector field ep is determined by 
affine connection V = P with components Pg 7 defined through 

V ef) e a = P?^ . 

For a co-ordinate basis dx l 

V d] dx l = P l k] .dx k . 

Definition 7. Covariant affine connection. Affine connection V = P in- 
duced by action of the covariant differential operator on covariant vector fields 
is called covariant affine connection. 

Definition 8. Space with contravariant and covariant affine connection ( L n - 
space). Differentiable manifold provided with contravariant affine connection Y 
and covariant affine connection P is called space with contravariant and covari- 
ant affine connection. 

Definition 9. Space with contravariant and covariant affine connection, 
and metric ( (L n , <?)-space). Differentiable manifold provided with contravariant 
affine connection T and covariant affine connection P, and metric g is called space 
with contravariant and covariant affine connection and metric. 

The connection between the two connections T and P is based on the connec- 
tion between the two dual spaces T(M) and T*(M), which on its side is based 
on the existence of the contraction operator S. Usually commutation relations 
are required between the contraction operator and the covariant differential op- 
erator in the form 

SoV„ = V„oS. 

If the last operator equality in the form V eT o S = S o V eT is used for 
acting on the tensor product e a <S> ep of two basic vector fields e a <G T*(M) and 
ep G T(M), then 

V ei (S(e a ®e p )) = S(V ey (e a ®e p )) , 
and the relation follows 

(in a non-co-ordinate basis) 

/ j.k &kf j ; 

(in a co-ordinate basis). 
The last equality can be considered from two different points of view: 
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1. If Pj k {x l ) and Y l - k {x l ) are given functions of co-ordinates in M, then the 
equality appears as a system of equations for the unknown functions f^(x k ). 
The solutions of these equations determine the action of the contraction operator 
5* on the basic vector fields for given components of both the connections. The 
integrability conditions for the equations can be written in the form 

pro H i t>i fm n 

jkl'J m "T J mkl-J j U , 

where R m j k i are the components of the contravariant curvature tensor, con- 
structed by means of the contravariant affine connection T, and P l mkl are the 
components of the covariant curvature tensor, constructed by means of the co- 
variant affine connection P, where [R(di,dj)]dx k = P k H j.dx l , [R(di,dj)]d k = R l 
kij.di , R{d,,dj) = VoiVg. - Va 3 Va ; . 

2. If p j(x l ) are given as functions of the co-ordinates in M, then the 
conditions for /* j determine the connection between the components of the 
contravariant affine connection T and the components of the covariant affine 
connection P on the ground of the predetermined action of the contraction 
operator S on basic vector fields. 

If S = C, i.e. /* j — g l j , then the conditions for /* j are fulfilled for every 
P = -r, i.e. 

^jk - ~ L jk ■ 

This fact can be formulated as the following proposition: 

Proposition 1. S = C is a sufficient condition for P = — V (Pj k = — r*^). 

Corollary. If P ^ —T, then S ^ C , i.e. if the covariant affine connection 
P has to be different from the contravariant affine connection Y not only by 
sign, then the contraction operator S has to be different from the canonical 
contraction operator C (if S commutes with the covariant differential operator) . 

The corollary allows introduction of different (not only by sign) contravariant 
and covariant connection by using contraction operator S, different from the 
canonical operator C. 

Example. If f 3 = tp.g), where ip e C r (M), ip ^ 0, then P] k = -T) k + 

(log V>),k-5j • 

The covariant derivatives of contravariant vector fields can be written in an 
arbitrary co-ordinate or non-co-ordinate basis 

V„w = {v l j + I* kj v k )u>.d i = v l .jvP.di ,u,ve T(M) , 
(in a co-ordinate basis), 
V u v = (e v a + r=j.«T)u' J .e Q = v a , u^.e a , 
V u v = (e^v 1 + Y kj v k )u j .ei = v l /jV?.ei , 
(in a non-co-ordinate basis with different type of indices). 

In analogous way the covariant derivative of covariant vector fields can be 
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written in an arbitrary co-ordinate or non-co-ordinate basis 

V u p = (pij + PtjPk)u j .dx l = p i . tj u>.dx i lP eT*{M) ,u€ T(M) , 
(in a co-ordinate basis), 
V u p = (epp a + P2 /3 -P 7 )u 13 .e a = p a i pvP .e a , 
V u p = (e J p l + P^.p k )uKe l = p l / J u 1 .e l , 
(in a non-co-ordinate basis with different type of indices). 

The action of the covariant differential operator on contravariant and covari- 
ant tensor fields as well as on mixed tensor fields with rank >- 1 is generalized in 
trivial manner on the ground of the Leibnitz rule, which holds for this operator. 

If the Kroneker tensor is defined in the form 

Kr = gj.di <8> dx j = gp.e a ® e 13 , 

then the components of the contravariant and covariant affine connection differ 
from each other by the components of the covariant derivative of the Kroneker 
tensor, i.e. 

r}fc + Pjk = 9)-k > 

-pa I pa _ a 

Remark. In the special case, when S = C, and in the canonical approach 
2.3 Lie-differential operator 

The Lie-differential operator £j along the contravariant vector field £ appears 
as another operator, which can be constructed by means of contravariant vector 
field. His definition can be considered as a generalization of the notion Lie 
derivative of tensor fields (Slcbodzinski 1931), (Yano 1957), (Kobayashi, Nomizu 
1963), (Lightman, Press, Price, Teukolsky 1975). 

Definition 10. £^ := Lie- differential operator along the contravariant vec- 
tor field £ with the following properties: 

a) £ t : V -+V_ = £(V , V,Fg_®'(M) , 

b) £ i : W -*W = £^W , WjW G <8> fc (M) , 

c) £z : K -► K = £ t K ,K,K&® 1 k (M) , 

d) linear operator with respect to tensor fields, 

£ t {a.V 1 + /3.V 2 ) = a.£ t Vi + /3.£ S V 2 , a,j3 6 F(R or C) , V* G ® l (M) , 
* = 1,2, 

£ i {a.W 1 + (3.W 2 ) = a.£ i W 1 + [3.£ ( W 2 , W t G ®*(M) , i = 1,2, 
£ e {a.K 1 + (3.K 2 ) - a-^Ki + (3.£ ( K 2 , K { e ® l k {M) , i = 1, 2, 

e) linear operator with respect to the contravariant field £ , 
7^+/3« = a.£ i + (3.£ u , a, (3 G F(R or C), £, u G T(M) , 

f) differential operator, obeying the Leibnitz rule, 

^(S <8> 17) = £ 5 5 <g> C/ + S <8> i^I/ ,Se® ra 3 (M) , [/ e ® fc . 

g) action on function / G C r {M) , r > 1 , 
A/ = , £ G T(M) , 
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h) action on contravariant vector field, 
£tu=[£,u] , £,weT(M) , [£,u] =£ou-uoZ , 
^e a = K,e Q ] - -(e^ a -e.^ Q K - 
^e/j = [e^e^] = C Q(3 7 .e 7 , C a/3 7 e C r (M) , 
£^di = -£ 3 .i.dj , £ di dj = [di,dj] = , 

i) action on covariant basic vector field, 
£te a = k a {li).eP , £ e , t e a = k a ^.eP , 
£( i dx % = k l j{£).dx 3 , £d k dx l = k % jk-dx 3 . 

The action of the Lie-differential operator on covariant basic vector field is 
determined by its action on contravariant basic vector field and the commutation 
relations between the Lie-differential operator and the contraction operator 5. 

2.3.1 Lie derivative of covariant co-ordinate basic vector fields 

The commutation relations between the Lie-differential operator £^ and the 
contraction operator S in the case of basic co-ordinate vector fields can be 
written in the form 

£ 6 o S(dx i ®dj) = So £ i {dx i <g> dj) , m 
£t L oS{e a ®e f i) = So£ i :(e a ®ep) , ( ) 

where 

£t°S(dx i ®d j ) = £f i j = f i jtk £ k , 
S o £ i (dx l ® dj) = So (£ c cfe J ® dj + dx l <g> £ i d j ) = (2) 
= S^tdx* <g> dj) + S{dx l <8> £ s dj) . 

Since £ i dx i = ft* j(0-^' , £a fc dar* = k l jk .dx j , where fc* € C r (M), fc j 
jfc G C r (M), /c l j(^) and fc 2 have to be determined by means of the commu- 
tation relations between £^ and S and their action on dx l and dj (respectively 
e" and ep) on the basis of the relations 

= -z k ,a , s(dx i ® £&) = -e jf k , 

S{£ i dx i ®d j ) = h i l (Q.f l j , 

= £ s [S(dx i ®dj)] = f i j , k ti k . 
From the last expression the condition follows for k l 

w m.f i=e ,rf k+f ■ (4) 

By means of the non-degenerate inverse matrix (/ l = (/j l ) and the 
connections /' k -fj k = <?} , f k i-fk 3 — d\ ; after multiplication of the equality 
for k % ;(£) with f m 3 and summation over j, the explicit form for k l j(£) is 
obtained in the form 

*? m = fj l 4 k ,i-r k+fj l .fitf k . (5) 
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For £g k dx z = k l j(dk)-dx : > — k % jk-dx^ it follows the corresponding form 
£ dk dx l = k l jk .dx j = fj l .p i^.dx 3 , , 

jk ~ fj ■} l,k ■ 

On the other hand, from the commutation relations between S and the 
covariant differential operator V{ the connection between the partial derivatives 
of /' j and the components of the contravariant and covariant connections T 
and P follows in the form 

f l,k = P % mk-r l+T?k-f m- (7) 

After substituting the last expression in the expressions for k l and for 
k l jk the corresponding quantities are obtained in the forms 

k i ao = fj i .e ,i.f k + (p; k + fj i .TTk.r m )e , (8) 

k l j(dk) = k l jk = Pj k + fj -Ffk-f 1 m , 
= [fj l 4 k ,,./* k + (Pk + fj l .T%.f m H k }-dxi , (9) 



£a, dx l — k l ik-dx J 



-d k ax = k jk 

yi i f . I Y-m 
jk J J - 1 Ik 

If we introduce the abbreviations 



= {Pik+fj l -Wm)dx^ . 



(10) 



e j = r u k ,ifj l ,T) k = fj i .T? k .f m , (ii) 

then the Lie derivatives of covariant co-ordinate basic vector fields dx l along the 
contravariant vector fields £ and dk can be written in the form 

£ i dx i = [{\ i +{P i jk +v] k )ew , 

2.3.2 Lie derivative of covariant non-co-ordinate basic vector fields 

In analogous way as in the case of covariant co-ordinate basic vector fields the 
Lie derivatives of covariant non-co-ordinate basic vector fields can be obtained 
by means of the relations 

£ i [S(e a ®e fj )} = S[£ (i (e a ®ef } )} , 
S(e a ®efj) = f a f), 
£^[S{e a ®ep)]^C-e 1 f a , 
S[£ s (e a ® ep)\ = S(£ 6 e a <g> e ) + S(e a ® £ 5 e p ) , 

= -(epC + C ps ^ 5 )e-y = -C ///3-e 7 , 

C UP = epC + C ps if* , (13) 
£^e a = k<* 7 (0.eT , 

7 (0-/ 7 /3 = r i/0-r y+c-<hf a , 
r T-//3 7 = 9t , r p.f-y a = a%, 

7 -rjp gj- 



k a 0(0 = r 7 .r //s-f0 5 + (p^ + fp s -n r f a *)t 
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in the form 

£^ = [C + (i% + rpew j = 

£^e a = (Pfr + f% + C tl *)eP , (16) 

where 

c in = r j-c us-fp s = r s + r ^ 5 r = 

e^ = /%(ejf)//,%° = r 7 .C fa V/, 1 ] 

pa £ S per £a 



2.4 Classification of linear transports with respect to the 
connections between contravariant and covariant affine 
connection 

By means of the Lie derivatives of covariant basis vector fields a classification 
can be proposed for the connections between the components T l - k (T^ ) of the 
contravariant affine connection F and the components Pj k (Pp 7 ) of the covariant 
affine connection P. On this basis, linear transports (induced by the covariant 
differential operator or by connections) and draggings along (induced by the 
Lie-differential operator) can be considered as connected each other through 
commutation relations of both the operators with the contraction operator. 

Type of dragging along and transports 

£g k dx l = Fjfr.dxi . 
Transport with arbitrary dragging along 
£ ey e a = A 7 .e a + C^ ^.e 13 , 
£d k dx % = Ak-dx 1 . 
Transport with co-linear dragging along 
£ ey e a = C tl «.e? , 
£d k dx l = . 
Transport with invariant dragging along 

The classification of the connections on the basis of different transport con- 
ditions is analogous to the classification, proposed by Schouten and considered 
by (Schmutzer 1968). 



Transport condition 

P /3 7 + r /3 7 + C fh a = F (3-t > 
P jk + T )k = F jk ■ 

pa , y~ _~T a 

*>y + 1 /3 7 — A l -9/3 ' 

P* k +T^ = A k .g) . 

i% + j% = o, 
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2.5 Lie derivatives of covariant vector fields 

The action of the Lie-differential operator on covariant vector and tensor fields 
is determined by its action on covariant basic vector fields and on the functions 
over M. 

In co-ordinate basis the Lie derivative of covariant vector field p along a 
contravariant vector field £ can be written in the forms 

£^p = £^{pidx l ) = (£^pi)dx l = 

= ]Pi,U k +pj-t 7 _,i+Pj(PL + T \ k )^ dxl = (18) 

= iPi-tf k +z k -A-Pk+Ti.Pi.ew , 

where 

pi . — fi , f k , f. 1 t' j — fi i T l f m 

mi _ r j _ r j (19) 

1 ki ~ 1 ik 1 ki ! y J 

(in co-ordinate basis). 
In non-co-ordinate basis the Lie derivative £$p has the forms 

£ iP = £t(p a e a )_= (£^p a )e a = _ 
{(e 7 p a + P^ P0 )C + Ppjeaf + (if 7 + P)e}}.e« = (20) 
= (p a /fif + /a-Pfl + T^. Pp .C)e a , 

where 

P 13 i — fP a P S , f T T 13 — f S T a r fP 

S /a J 0-S /j-Ja > 1 7£ — Ja ■ ± ^8-J a > 

l^I^-I^-C^", (21) 
(in non-co-ordinate basis). 

The action of the Lie-differential operator on covariant tensor fields is deter- 
mined by its action on basic tensor fields. 

3 Kinematic characteristics connected with the 
notion relative velocity 

3.1 Relative velocity 

The notion relative velocity vector field (relative velocity) re \v can be defined as 
the orthogonal to a non-isotropic vector field u projection of the first covariant 
derivative (along the same non-isotropic vector field u) of (another) vector field 
£, i.e. 

relV = g(h u (VuQ) = 9 t3h Jk^ k W-ei = 

= g ij -f m j-f n k-hmnt ;i.u l . ei , (22) 
e, = di (in co-ordinate basis), 



15 



where (the indices in co-ordinate and in non-co-ordinate basis are written in 
both cases as Latin indices instead as Latin and Greek indices) 

K = 9- - e g{u)®g{u) , (23) 
h u — hij .e .e-', g — g ^ .ei.ej, , 

? ;j = ej ? + r y k (24) 

1 kj r 1 jk ) 
g = g ij .e i .e j , 

9ij = 9ji , (25) 
e\e j = \{e l ® e j + e j ® e l ) , 

e = g(u, u) = g-pju l u j = u-u l ^ 

g(u) = g^u k =u t = g lk .u k , u k = f k t .u l , 
ei.ej = \(ei ® ej + ej ® e t ) 



gj] — f i-f j-9kl i 

_ 9[9(P)} =P,P& T*(Mh g[g(u)] = u , 

9 lk 9k 3 = g) , g^g ki = gf , g ij = f k-f j i-g kl 

h u (VuO = , k u k .e 

In a co-ordinate basis 



(26) 



(27) 



<,r e , j = d j e = de/d X j, 

e? = dx' J , 
d = di = d/dx\ 
u = u l .di, 

Every contravariant vector field £ can be written by means of its projection 
along and orthogonal to u in two parts - one collinear to u and one - orthogonal 
to u , i.e. 

£=-.u + /*"b(0] =-.u + g[h u (0] , (28) 

e e 



where 



I = 9(£,u) 
h u —g — \.u ® u 

g(h u )g = h u 
K(g)(g) = K 

h u (g)(g) = h u 
g{h u )g = h u . 



(29) 



(30) 
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Therefore, V u £ can be written in the form 

V„C = k-U + ff[MV u £)] = {-U +rel V , 31 x 

7 = fl(V^,u) k ; 

and the connection between V u £ and re zi> is obvious. Using the relation (Yano 
1957) between the Lie derivative £gu and the covariant derivative V^w 



fc[ff(0] = V*u-T(£,u) 
fc= (u* ,i-Tl k u k )g l Ke i ®e i 



For /i u (V„£) it follows 



where 

h u (k)h u (0 = h iI k kl h J] ^ j .e i , 
h u (u) = 0, 
it(fc u ) = 0, 
h u (k)h u (u) = 0, 
(u)h u (k)h u = 0. 

If we introduce the abbreviation 



(32) 



T(£,ii)=2*£V'.e fc , 



a-r/c o^/c pfc pfe s~ik 

ij ~~ ji ~~ ji ij ij 

(in a non-co-ordinate basis {e^}) , 



rpk pfc y*k 

ij ~ J* y 

(in a co-ordinate basis {dk} ) , 
one can write V u £ in the form 

V„e = (k)g(0 - £ 6 u = k[g(£)] - £ S u, (33) 
or taking into account the above expression for £ - in the form 

V u £ = fc[/i u (0] + l --a - i^u , 

where 



(34) 



k[g(u)\ = k{g)u = k %1 g-^u k .e 4 
= a = V u u = u l -ju 3 Xi . 



MV U £) = h u { l -.a - £gu) + h u (k)h u (^) , (36) 
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d = h u (k)h u = hj:k kl h- lr e l ® e ] = d tj .e l ® e 3 , (37) 



the expression for re iv can take the form 



eiv = g[h u (V u O] = g(K){ l -.a - £ i u) + g[d(£)] = 

= [g ik h B (-.a l - £ i u l )+g lk d- l i l ].e l = rel v l .e t , (38) 



or 



g(reiv) = h u (\7 u £) = h u (-.a - £^u) + . (39) 

For the special case when the vector field £ is orthogonal to u, i.e. £ = 
an d the Lie derivative of u along £ is zero, i.e. = 0, then the 

relative velocity can be written in the form 

g(reiv) = d(£) (40) 

or in the form 

relV = g[d(£)]. 

3.2 Deformation velocity, shear velocity, rotation velocity 
and expansion velocity 

The covariant tensor field d is a generalization for {L , g)-spaces of the well 
known deformation velocity tensor for V^-spaces (Stephani 1977), (Kramer, 
Stcphani, MacCallum, Herlt 1980). It is usually represented by means of its 
three parts: the trace- free symmetric part, called shear velocity tensor (shear), 
the anti symmetric part, called rotation velocity tensor (rotation) and the trace 
part, in which the trace is called expansion velocity (expansion) invariant. 

After some more complicated as for V^-spaces calculations the deformation 
velocity tensor d can be given in the form 

d = h u (k)h u = h u (k s )h u + h u (k a )h u = 

where 

a is the shear velocity tensor (shear) , 

a= s E- s P = E-P- ^.g[E - P].h u = aij .e\t? = 

= E-P-^ I .(6 -6 1 ).h u , ^ Z> 

sE = E-^.g[E].h u 
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E = h u (e)h u 
k s = e — m (44) 
e = U ui ;i9 lj +u J . l .g li ).e i .e j , 

m=^(Ti k u k g^+T l iu k g li )e i .e j . (45) 

S E is the torsion-free shear velocity tensor, S P is the shear velocity tensor 
induced by the torsion, 



g[P]=g kl P Tl =g kl .P kl =e u 



(46) 



P = h u {m)h u 
9 1 = T k u l _ _ (47) 

?o = «" ;n - j- e i e -kU k - gkl; m U m U k U l ) , 



e,k = efee 
= 6 a — 6\ 



(48) 



is the expansion velocity, 9 Q is the torsion-free expansion velocity, 6 X is the 
expansion velocity induced by the torsion, 

lo is the rotation velocity tensor (rotation velocity), 



w = h u (k a )h u = h u (s)h u - h u (q)h u = S -Q , (49) 

(50) 



efe A e ( = i(efc ® e/ - e; <g> e fe ) , 



1-^.\ L mn9 ~ 1 mn9 ) u - e k A e; 

S 1 = h u (s)h u , Q = h u {q)h u , 



(51) 



S* is the torsion-free rotation velocity tensor, Q is the rotation velocity tensor 
induced by the torsion. 

By means of the expressions for a, uj and 6 the deformation velocity tensor 
can be written in two parts 

d = d Q + di 

d o = s E + S+^ l .0 o .h u (52) 
di = s P + Q + T ± I .e 1 .h u , 

where d a is the torsion-free deformation velocity tensor and d\ is the deformation 
velocity tensor induced by the torsion. For the case of V^-spaccs d\ = ( S P = 
,Q = O,0!=O). 

The shear velocity tensor a and the expansion velocity 9 can be written also 
in the form 
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° = ^{/iu(V u ff- £ u g)K — AK[^u9 - £ u g])-h u } = (53) 

= \{hd9 kl ;mu m - £ u g kl )h- l .--± 1 .h iri (g kl ■ m u m -£ u g kl ).h ij }.e i .e j . (54) 

0= \.h u [^u9~ £u9~] = ±[Vfu + T(u,g)} = 
= , k u k - /'.,//'•' i . 

The main result of the above considerations can be summarized in the fol- 
lowing proposition: 

Proposition 2. The covariant vector field g{ re iv) — /i«(V u £) can be written 
in the forms: 

MV U £) = K{ l --a - £gu) + = 

= h u ( l -.a - £^u) + a(0 + w(0 + ^.0.^(0 • 

The physical interpretation of the velocity tensors d, a, a> and of the invariant 
9 for the case of V4-spaces (Synge 1960), (Ehlers 1961), (Kramer, Stephani, 
MacCallum, Hcrlt 1980) can be extended also for (L 4 , g)-spaces. In this case 
the torsion play an equivalent role as the covariant derivative in the velocity 
tensors. The individual designation, connected with the physical interpretation 
of these kinematic characteristics, is given in the Appendix A - Tabic 1. It 
is easy to see that the existence of some kinematic characteristics ( S P, Q, 9i) 
depends on the existence of the torsion tensor field. They vanish if it is equal 
to zero (e.g. in Kj-spaces). 

4 Kinematic characteristics connected with the 
notion relative acceleration 

4.1 Relative acceleration 

The notion relative acceleration vector field (relative acceleration) re ia can be 
defined (in analogous way as re iv) as the orthogonal to a non-isotropic vector 
field u (g(u, u) = e ^ 0) projection of the second covariant derivative (along the 
same non-isotropic vector field u) of (another) vector field £, i.e. 

reia - fl(MV u V„0) = 9 tJ hjj:(e ;iu l ), m u m ei . (55) 

V„V U £ = (C -iu l )- m u m ei is the second covariant derivative of a vector field £ 
along the vector field u. It is an essential part of all types of deviation equations 
in V n - and (L n , y)-spaces (Manoff 1979,1984), (Iliev, Manoff 1983). 
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If we take into account the expression for V u £ 

v„C = %(£)] - 

and differentiate covariant along u, then we obtain 

V U V„£ = {V u [(%]}(0 + (fc)(ff)(V„0 - V„(£ CU ) 
By means of the relations 

%)5 = k , 
V u [%)] = (V u k){g) + k(V u g) , 
{V„[fc( 5 )]}5 - V„fc + k{V u g)g , 
VuV„£ can be written in the form 

V U V U £ = l -.H{u) + - k(g)£ iU - V u (£ iU ) (56) 

(compare with V u £ = ^.a + k(h u )£ — £^u), 
where 

H = B(g) = (V„fe)(j) + fc(V„.g) + , 

B = V„fc + + k(V u g)g = V u k + k(g)k - k(g)(V u g) . 

The orthogonal to u covariant projection of V„V„£ will have therefore the 
form 

MV„V„0 - K[ l -H(u) - k(g)£ s u - V u £^u] + [h u (B)h u }{£) . (57) 

In the special case, when g(u, £) = I = and £^u = , the above expression 
has the simple form 

MV„v„0 = [M#)M(0 = 4(0 , (58) 

(compare with /i„(V„£) = [/i u (fc)M(£) = 

The explicit form of i?(it) follows from the explicit form of H and its action 
on the vector field u 

H(u) = (V u k)[g{u)] + fc(V„ff)(u) + k{g)(a) = V„[%)(u)] = V u a . (59) 

Now /i B [V„V M (] can be written in the form 

MV u V u - M;-V«a - k(g)(£ iU ) - V u (£ s u)} + A(£) (60) 
(compare h u (V u £) = h u (^.a - £^u) + 

The explicit form of A = h u (B)h u can be found in analogous way as the 
explicit form for d = h u (k)h u in the expression for re [V. 
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4.2 Deformation acceleration, shear acceleration, rotation 
acceleration and expansion acceleration 

The covariant tensor A, named deformation acceleration tensor can be repre- 
sented as a sum, containing three terms: a trace-free symmetric term, an anti 
symmetric term and a trace term 



where 



A = s D + W + -^—.U.h 
n—1 

D = h u ( s B)h u 
W = h u { a B)h u 



(61) 

(62) 
(63) 



U = g[ s A] = g[D] (64) 
S B = + ll- u,., , , a B = - B^ei A e h (65) 

s A=^(A ij +A ji )e i .e j , (66) 

s D = D--^—.g[D].h u = D--^—.U.h u . (67) 
n — 1 n—1 

S Z) is the shear acceleration tensor (shear acceleration), W is the rotation 
acceleration tensor (rotation acceleration) and U is the expansion acceleration 
invariant (expansion acceleration). Furthermore, every one of these quantities 
can be divided into three parts: torsion- and curvature-free acceleration, accel- 
eration induced by torsion and acceleration induced by curvature. 

Let us now consider the representation of every acceleration quantity in its 
essential parts, connected with its physical interpretation. 

The deformation acceleration tensor A can be written in the following forms 

A = s D + W + —^—.U.h u = A + G= F A - T A + G, (68) 
n—1 

A= S D + W + -^—.U .h u + S M + N+ -J—J.hv , (69) 
n — 1 n - 1 

A = sF D + F Wo + -^j-fUo-K- 
-(sTD + T W + ^.TUo.h u )+ (70) 
+ s M + N+ 7 ± I .I.h u , 

where 

A Q = F A - T A = s D + W Q + -.Uo.h u , (71) 

n — 1 

fA = sF Do +f Wo + —^—r. F U .h u , (72) 
n - 1 

fMO = h u (V i± a) , £ ± = g[h u (0] , (73) 
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T A = sT D + T W + —^—. T U .h u , (74) 
n — 1 

G= s M + N+^—.I.h u = h u {K)h u , (75) 
n — 1 

h u ([R(u, 0]u) = h u {K)h u {0 for V £ e T(M) , (76) 

[fl(u, = V u V c u - V £ V u u - S7 £ui u , (77) 

if = K kl e k ® e, , K kl = R k mnr g rl u m u n , (78) 

R k mnr are the components of the contravariant Riemannian curvature ten- 
sor, 

K a = K kl .e k Ae h K kl = ^(K kl -K lk ),K s = K kl e k .e l ,K kl = ^(K kl +K lk ) , 

(79) 

S D = s Do + s M , W = Wo + N = F Wq-tWo + N , (80) 

U = U + I =f U -t U + I , (81) 

S M = M - -L-.I.h u , M = h u {K s )h u , I = g[M] = g^My , (82) 

N = h u {K a )h u , (83) 

s D a = sF Do - sT D a =f Do ^—-fUo-K - ( T D Q 1 —-tUo-K) , (84) 

n — 1 n — 1 

s Do = sF Do -t Do l —{ F Uo -t Uo)K , (85) 

n — 1 

s Do = Do- -^—.Uo-K , (86) 
n — 1 

s fA) =f -Do l —-FUo-h u , F D = h u (b s )h u , (87) 

n — 1 

b = b s + b a , b = b kl e k ® a , b kl = a k , n g nl , (88) 

a k = u k , m u m , b s = bfe k . ei , bf = l -{b kl + b lk ) , (89) 

b a = b kt e k Ae l , b kt = ±(b kl - b lk ) , (90) 

F Uo = g[ F Do] = g[b] - ^.g(u, V u a) , g[b] = g^ 1 , (91) 

sT Do = T Do X —. T Uo.h u = sF Do s D , T D a = F D - D , (92) 

n — 1 

C/ = MA)] =f ?7o -t ?7o , tUo = g[ T D } , (93) 

F W = h u (b a )h u , t Wo=fWo-Wo . (94) 
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Under the conditions £^u = , £ = £j_ = g(h u (^)) , (I = 0), the expression 
for h u (V U V u £) can be written in the forms 

^(VuVuCx) = ^(£±) = 4>(£±) + J , (95) 
hu(V u V u Z ± ) = F MS±) -t MZ±) + G(€ ± ) , (96) 

MV„V U £±) = ( s fAj +f Wo + -^—r.FU .g)(^ ± )- 

n — 1 

- ( s tA) +t ^o + -^r.TU .g)(Z ± ) + ( S M + N+ -J—.J.^J , (97) 
n — 1 n — 1 

which enable one to find a physical interpretation of the quantities S D,W,U 
and of the contained in their structure quantities^ £>o, fWq, fUq, s tDq, tWq, 
tUo, s M, N, I. The individual designation, connected with their physical 
interpretation, is given in the Appendix A - Table 1. The expressions of these 
quantities in terms of the kinematic characteristics of the relative velocity are 
given in the Appendix A. 

After the above consideration the following proposition can be formulated: 
Proposition 3. g{ re ia) = ft u (V K V u ^) can be written in the form 

g(reia) = h u [!-.V u a - V £(U u - V u (£^u) + T(£^u, u)\ + A(£) , 

where 

A(0 = s D(0 + W(0 + -L-.UMt) ■ (98) 
n — 1 

For the case of affinc symmetric connection (T(w, v) — for Vui,»(i T(M) , 
7*. = 0, T*- = T k yi ) and Riemannian metric {V v g = for Vw G T(M), g l0 . k = 0) 
kinematic characteristics are obtained in V^-spaces, connected with the notion 
relative velocity (Manoff 1992) and relative acceleration (Manoff 1985). For 
the case of affine non-symmetric connection (T(w,v) ^ for V w,v G T(M) 
, Tj k ^ and Riemannian metric kinematic characteristics are obtained in 
J7„-spaces (Manoff 1985). 

5 Classification of auto-parallel vector fields on 
the basis of the kinematic characteristics con- 
nected with the relative velocity and relative 
acceleration 

The classification of (pscudo) Riemannian spaces V n , admitting the existence of 
auto-parallel (in the case of 14-spaces they are geodesic) vector fields (V„u = 
a = 0) with given kinematic characteristics, connected with the notion relative 
velocity, can be extended to a classification of differentiablc manifolds with con- 
travariant and covariant affinc connection and metric, admitting auto parallel 
vector fields with certain kinematic characteristics, connected with the relative 
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velocity and the relative acceleration. In this way the following two schemes 
for the existence of special type 1. and 2. of vector fields can be proposed (s. 
Appendix B. - Table 2.). Different types of combinations between the single 
conditions of the two schemes can also be taken under consideration. 



5.1 Special geodesic vector fields with vanishing kinematic 
characteristics, induced by the curvature, in (pseudo) 
Riemannian spaces 

On the basis of the classification 2. the following propositions in the case of 
V n -spaces can be proved: 

Proposition 4. Non-isotropic geodesic vector fields in V^-spaces are geodesic 
vector fields with curvature rotation acceleration tensor N equal to zero, i.e. 
N = 0. 

Proof: 



N = h u {K a )h u = h lk K^hije l A e>, 

K H = l {R kl _ R l k) = ^Bl^grl _ Rl mnr grk )u m u n t 



(99) 



For the case of 14-space, where 

mnr — mnr •> 

(100) 

the conditions 

r>k rl _ r>l rk r>k I _ r>l k ('[ft'W 

J i- ranry — Jt nrary t 1 L ran — nra t \ LyJ L ) 

follow and therefore 

K k J = \(R k mnr9 rl - R l run^U™^ = , (102) 

K a = , N = . 

Proposition 5. Non-isotropic geodesic vector fields in V^-spaces with equal 
to zero Ricci tensor {R ik — R l ikl — g l m R m iki = 0) are geodesic vector fields 
with curvature rotation acceleration TV and curvature expansion acceleration /, 
both equal to zero, i.e. N = 0, / = 0. 

Proof: 1. From the proposition 4. it follows that K a = and N = 0. 

2. I = g[K] = gtjKV - g^R} mnr g r ^u m u n = g\W mnr u m u n = R mn u m u n = . 

(103) 

Proposition 6. Non-isotropic geodesic vector fields in V^-spaces with con- 
stant curvature 

[R{£, v)}v = n(n 1 _ 1} .Ro [g(v, Ov - g(v, v)$ , vg, v, v e t(m), (104) 

(in index form 

R 

Rl jkl = n ( n _i) (9l-9jk ~ 9k-9jl) , Ro = const.) (105) 
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are geodesic vector fields with curvature shear acceleration and curvature rota- 
tion acceleration, both equal to zero, i.e. S M — 0, N = 0. 
Proof: 1. From the proposition 4. it follows that N = 0. 

2. S M = M- ^j-I-hu , M = h u {K s )h u = g(K s )g , 

M = g{K s )g = g lk K kl gij e l .e^ = Myj.e? , 
Mij = g lk R k mnr g H gi J u m u n = R lmnj u m u n = ° .e.h^ , (106) 
R e 

M = - h u , e = g(u, u) = fftfuV , (107) 
n(n — 1) 

I = 9[K] = 9[M] = g^Mij = I .R .e , //'•% = n - 1 , (108) 

S M = M —.l.h u = 0. (109) 

n — 1 

The projections of the curvature tensor of the type G = h u (K)h u (or i?* 
jkiu : 'u k ) along the non-isotropic vector field u acquire a natural physical mean- 
ing as quantities, connected with the kinematic characteristics curvature shear 
acceleration S M, curvature rotation acceleration TV and curvature expansion 
acceleration /. 

The projection of the Ricci tensor (g[K), or RikU l u k ) and the Raychaudhuri 
identity for vector fields represent an expression of the curvature expansion ac- 
celeration, given in terms of the kinematic characteristics of the relative velocity 

I = g[M] = R^u^ = 

= -a? -j + g^.sEik.gU.aij + g^S lk g^_ii + e o + ^^o-0+ 
+ ±[a fe (e fc - u w T£ m u m - g mn . k u m u n - 

+ \{u k e. k )-lU l - ^{gmn;kU k )-lU l U m U^]- 



(110) 



^[f (e. fcU fe ) 2 - (e. k u k )g mn . lU l u m u n + \{g mn ;iu l u m u n f] , 

= 0, k u k 



In the case of 14,-spaces the kinematic characteristics, connected with the 
relative velocity and the relative acceleration have the forms: 

a) kinematic characteristics, connected with the relative velocity 
d = do d\ = k = k a 

a= s E S P = to = 

LU = S Q = (7 = 

6 = 6 6 X = V u u = a + , a = 

b) kinematic characteristics, connected with the relative acceleration (V u u = 

A= F A + G T A = TV = 

G= s M+^.I.h u sT D Q = 

W = F W T W = 

U= F U Q + I T U = V u u = a^{) 
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c) kinematic characteristics, connected with the relative acceleration (V„u = 
a = 0) 

A = G T A = N = 

G= s M+ 7 ± J .I.h u sT D = 
W = Q tW = 

U = I T U = V u u = a = 

On the basis of the different kinematic characteristics dynamic systems can 
be classified and considered in V^„-spaces. 

5.2 Special vector fields over manifolds with contravariant 
and covariant affine connection and metric with van- 
ishing kinematic characteristics induced by the curva- 
ture 

The explicit forms of the quantities G, M, N and /, connected with accelerations 
induced by curvature can be used for finding conditions for existence of special 
types of contravariant vector fields with vanishing characteristics induced by the 
curvature. G, M, N and I can be expressed in the following forms: 

G = h u {K)h u = g{K)g-\.g{u)®\g{u)}{K)g , 
K[g(u)] = 0, 

M = h u (K s )h u = g{K s )g - ±- e {g{u) ® [g(u)}(K)g + [g(u)](K)g ® g(u)} = 
= M i:j .dx l .dxi = M a/3 .e a .eP , M i3 = M 3i , 
M v = hhk-fflj + djk-9-u - k( u i-9-lj+ u j-ffli) u k\ Rk mnq u m u n .g« l , 

(112) 

/ = g[M] = g[K s ] = g[K] = R pa .u p u a = R kl .u k u l , (113) 

N - h u (K a )h u = g(K a )g - ±{g(u) ® [g{u)]{K)g - [g(u)](K)g ® g(u)} = 
= N ir dx l A dx 3 = N a/3 .e a A e 13 , N tj = -Nji , 
N U = \\9ik-9lj - 9jk-9li ~ l( u i-9lj ~ u 3-9-u) u l\ Rk mnq -u m u n .g« l . 

(114) 

By means of the above expressions conditions can be found under which 
some of the quantities M, N, I vanish. 

5.2.1 Contravariant vector fields without rotation acceleration, in- 
duced by the curvature (N = 0) 

If the rotation acceleration N, induced by the curvature vanishes, i.e. if N = 0, 
then the following proposition can be proved: 

Proposition 7. The necessary and sufficient condition for the existence of 
a contravariant vector field u (g(u,u) = e ^ 0) without rotation acceleration, 
induced by the curvature (i.e. with TV — 0) is the condition 

K a = ^{u ® [g{u)](K) - [g(u)]{K) ® u} . (115) 
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Proof: 1. Sufficiency: From the above expression it follows 

N = h u (K a )h u = 
= g(K a )g - ±{g(u) ® [g{u)]{K)g - [g{u)]{K)g ® g{u)} = , 
g([g(u)](K)) = [g(u)}(K)g. 

2. Necessity: If N = h u (K a )h u = 0, then 

9(K a )g = ® [9{u)]{K)g - [g{u)](K)g ® g(u)} , 

K a = l e {u® [g{u)](K) - [g(u)]{K) ® u} . 

In co-ordinate basis the necessary and sufficient condition has the forms 

= K* + \.uj(u\K l i - v?.K u ) , 

where 

Proposition 8. A sufficient condition for the existence of a contravariant 
vector field u (g(u,u) = e ^ 0) without rotation acceleration, induced by the 
curvature (i.e. with N = 0) is the condition 

K a = 0. (117) 

Proof: From K a = and the form for N, N — h u (K a )h u , it follows N = 0. 
In co-ordinate basis 



{R l kim-g mi - R j u m -g mi )u k u l = o , 



fc..«-n ( 118 ) 



K a = can be presented also in the form 

[g(0}([R(u,v)}u) - [g(v)]([R(u,0]u) = , V£, v G T(M) . 
In this case M = G = g(K)g , / = g[G]. 

Proposition 9. A sufficient condition for the existence of a contravariant 
vector field u (g(u,u) = e ^ 0) without rotation acceleration, induced by the 
curvature (i.e. with N = 0) is the condition 

.9(77, [i?(£, «)]«;) = [iZfa, u;)]t;) , Vr?, J,t),tiie T(M) , (119) 

or in co-ordinate basis 

^ = • (120) 

Proof: Because of R(£,u) = —R(u,£) and for r/ = v the last expression will 
be identical with the sufficient condition from proposition 9. 
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5.2.2 Contravariant vector fields without shear acceleration S M, in- 
duced by the curvature ( S M = 0) 

Proposition 10. The necessary and sufficient condition for the existence of 
a contravariant vector field u (g(u,u) = e / 0) without shear acceleration, 
induced by the curvature (i.e. with S M = 0) is the condition 

M = -^—.I.h u = -±—.g[M].h u . (121) 
n—1 n — 1 

Proof: 1. Sufficiency: From the expression for M and the definition of 
S M = M — ^j.Lhu it follows S M = 0. 

2. Necessity: From S M = = M - ^.I.h u the form of M follows. 

In co-ordinate basis the necessary and sufficient condition can be written in 
the form 

{\9ik-9i + 9jk-9ii ~ + u r9li) u k\ Rk mns9 sl - , , 

-^■Rmnigij ~ \-U lU3 )}u m U n = . 1 > 

The condition S M = is identical with the condition for K s : 

K s = -^—.I.h u + ^{u ® [g(u)](K) + [g(u)](K) ® u} . (123) 
n — 1 2e 

5.2.3 Contravariant vector fields without shear and expansion accel- 
eration, induced by the curvature ( S M = 0, 1 = 0) 

Proposition 11. A sufficient condition for the existence of a contravariant 
vector field u (g(u,u) = e ^ 0) without shear and expansion acceleration, 
induced by the curvature (i.e. with S M = 0, / = 0) is the condition 

K s = 1{« ® [g(u)](K) + [g(u)}(K) ® u} . (124) 

Proof: After acting on the left and on the right side of the last expression 
with g 

g(K s )g = ±- e {g{u) ® [g(u)](K)g + [g{u)](K)g ® g{u)} , 
g{[g(u)]{K)) = {[g{u)](K))g = [g{u)](K)g , u(g) = g(u) , 

and comparing the result with the form for M, 

M = h u (K s )h u = g(K s )g - ^{g(u) ® [g{u)]{K)g + [g{u)]{K)g ® g(u)} , 

it follows that M = 0. Since I = g[M] it follows that I = and S M = 0. 

Proposition 12. A sufficient condition for the existence of a contravariant 
vector field u (g(u,u) = e ^ 0) without shear and expansion acceleration, 
induced by the curvature (i.e. with S M = 0, / = 0) is the condition 

K s = . 

Proof: From the condition and the form of M, M — h u (K s )h u , it follows 
that M = and therefore 7 = and S M = 0. 
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5.2.4 Contravariant vector fields without shear and rotation accel- 
eration, induced by the curvature ( S M = 0, N = 0) 

Proposition 13. A sufficient condition for the existence of a contravariant 
vector field u (g(u, 11) = e / 0) without shear and rotation acceleration, induced 
by the curvature (i.e. with S M — , N — 0) is the condition 

V«,f eT(Af) , ReC r (M) . [ ' 

Proof: Since v is an arbitrary contravariant vector field it can be chosen as 
u. Then, because of the relation 

h u ([R(u, £)]«) = h u (K)h u (0 = G(0 , (126) 

it follows that 

G = h u {K)h u = R e.h u = G s , G a = h u {K a )h u = . (127) 
n(n - 1) 

Therefore 

M = G S = , R ' 6 , N = G a = , / = -.R.e , S M = . (128) 
n(n — 1) n 



In co-ordinate basis the sufficient condition can be written in the form 

R_ 

n(n — 1) 

and the following relations are fulfilled 



R jk - R l jki - g\-R l jki - ^-R-gjk , 

R = gi k .R jk , (130) 
I = R ]k .uiu k = ±.R.e . 

Proposition 14. The necessary and sufficient conditions for the existence 
of K in the form 

K =-±_. g [K].h u (131) 

are the conditions 

S M = , K a = . 

Proof: 1. Sufficiency: From K a = it follows that K = K s , N = and M = 
9(K s )g = g{K)g. Therefore, / = g[M] - g[K}. From S M = M — ^.Lh u = 
it follows that M — -^j.g[K].h u = g(K)g. From the last expression it follows 
the above condition for K . 

2. Necessity: From the condition K = -^j.g[K].h u it follows that K = K s 
and therefore K a — 0, N — and M — -^j.g[K].h u , I — g[K] (because of 
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h u (h u )h u = h u , h u (g)h u = h u ). From the forms of M and I it follows that 
S M = 0. 

Proposition 15. A sufficient condition for the existence of a contravariant 
vector field u (g(u, u) — e ^ 0) without shear and rotation acceleration, induced 
by the curvature (i.e. with S M — , N — 0) is the condition 

K=^—.g[K}.h u . 
n — 1 

Proof: Follows immediately from proposition 15. 

5.2.5 Contravariant vector fields without expansion acceleration, in- 
duced by the curvature (/ = 0) 

By means of the covariant metric g and the tensor field K(v,£) the notion 
contravariant Ricci tensor Ricci can be introduced 

Ricci(v, = g[K(v, 0} , W, £ G T(M) , (132) 

where 

K(v,0 = R* jkl .g lm .v^4 k -di ®d m = R a p^.g"* .v* .e a ® e s , (133) 

and the following relations are fulfilled 

Ricci{e a ,ep) = g[K(e a ,ep)] = R a/3 , 
Ricci(d h dj) = g[K{di, dj)] - R l3 , (134) 
Ricci(u, u) = g[K(u, u)] — g[K] = I . 

Proposition 16. The necessary and sufficient condition for the existence of 
a contravariant vector field u (g(u, u) = e ^ 0) without expansion acceleration, 
induced by the curvature (i.e. with I = 0) is the condition 

Ricci(u, u) = . 

Proof: It follows immediately from the relation Ricci(u,u) = g[K(u,u)] = 

g[K] = i. 

Proposition 17. A sufficient condition for the existence of a contravariant 
vector field u (g(u,u) — e ^ 0) without expansion acceleration, induced by the 
curvature (i.e. with I = 0) is the condition 

Ricci(e a , ep) = R af j = i? 7 a p~ ( = , , . 

Ricci{di, dj) = R %3 = R l m = . ( ' 

Proof: From Ricci(di,dj) = Rij = it follows that 

Rij.u l u 3 — u l v? .Ricci{di, dj) = Ricci(u, u) = I = 0. 

In non-co-ordinate basis the proof is analogous to that in co-ordinate basis. 

The existence of contravariant vector fields with vanishing characteristics, 
induced by the curvature, is important for mathematical models of gravitational 
interactions in theories over (L n , <7)-spaces. 
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6 Conclusion 



The covariant and contravariant metric introduced over differcntiablc manifolds 
with contravariant and covariant affine connection allow applications for mathe- 
matical models of dynamic systems described over (L n , g)-spaces. On the other 
side different type of geometries can be considered by imposing certain addi- 
tional conditions of the type of metric transport on the metric. Additional 
conditions determined by different "draggings along" of the metric can have 
physical interpretation connected with changes of the length of a vector field 
and with changes of the angle between two vector fields. 

The introduction of contravariant and covariant projective metric corre- 
sponding to a non-isotropic (non-null) contravariant vector field allows the evo- 
lution of tensor analysis over sub-manifolds of a manifold with contravariant 
and covariant connection and metric and its applications for descriptions of the 
evolution of physical systems over (L„, g)-spaces. 

The kinematic characteristics, connected with the introduced notions relative 
velocity and relative acceleration can be used for description of different dynamic 
systems by means of mathematical models, using diffcrcntiable manifold M with 
contravariant and covariant affine connection and metric as a model of space- 
time (dimM = 4)(ETG in V^-spaces, Einstein-Cartan theory in C/„-spaces), or 
as a model for the consideration of dynamic characteristics of some physical 
systems (theories of the type of Kaluza-Klein in V„-spaces (n >- 4), relativistic 
hydrodynamics etc.). At the same time the kinematic characteristics can be used 
for a more correct formulation of problems, connected with the experimental 
check-up of modern gravitational theories. 

In the case of general relativity theory proposition 5. can be used for describ- 
ing the characteristics of gravitational detectors: If test particles are considered 
to move in an external gravitational field (Rij — 0), then their relative ac- 
celeration will be caused only by the curvature shear acceleration. Therefore, 
gravitational wave detectors have to be able to detect accelerations of the type of 
shear acceleration (and not of the type of expansion acceleration) , if the energy- 
momentum tensor of the detector is neglected as a source of a gravitational 
field. 
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A Kinematic characteristics connected with the 
relative acceleration and expressed in terms 
of the kinematic characteristics connected with 
the relative velocity 

The deformation, shear, rotation and expansion acceleration can be expressed 
in terms of the shear, rotation and expansion velocity. 

a) Deformation acceleration tensor A: 

A = \h u (a) ® h u (a) + a{g)cr + tu(g)iu + ^.B.{a + w) + ^(0" + £s)K+ 
+a{g)oj + oj{g)a + V u cr + V u oj + \ h u {a) ® (g(u))(2k - V u g)h u + 
+\[<j{a) ® g(u) + g(u) ® a{a)j + \[u(a) ® ff(u) - ff(u) ® w(o)]+ 
+h u (V u g)a + h u (V u g)oj , 

(136) 

where 

k = e + s - (to + q) = k - (m + q) , 

k(g)£ i u = W £(U u - T(£ s u, u) . (137) 

In index form 

A H = l- h ik akalh lj + c l kg kl <rij+uJ l k9 kl ^ij + ^i-O-Pij + + ^t)% + 

+a ij;k u k + \.a k [a^u j + a.pii + h I(i h j)1 u w (2k nl - g nl - r u r )] + 
+\{h^g kl . r vr*j. + h jk g kl ;r« r ^) + \{h ik g k + h jl9 kl , r u r Lu- H )+ 

+a ik g kl LUi : j - a ]k g kl ujii + -^j.6.uj lj + w ij . r u r + 

+ -e- ak [^ik U ~ W^Uj + h^h^jUn^k" 1 - g nl , r U r )} + 

+ \{h^9 kl ;rU r <7 Tj - h fl g kl , r u r a- u ) + \ih i% g kl , r u r ^ - h^g kl , r u r Lu- H ) = 

= Dij + Wij , 

(138) 

b) Shear acceleration tensor S D = D — -^.U.h u : 

D = \h u (a) ® ft u (a) + cr(<?)o- + u(g)u+ 

+^K(a) ® (g{u)){2k - V u g)h u + h u {{g(u))(2k - V„g)) ® /i„(a)]+ (139) 
+ i[cr(a) ® fl (u) + g(u) ® cr(a))] + 
+ 5[ft-t I (V M 3)(T + cr(V„5)/i„] + i[/i„(V u g)w - w(V„5)ft„] . 

In index form 

Dij = Dji = \.h i% a k a l h- l3 + a^aj. + ^ ik g kl 

+ £l.6.Vij + ^(6- + fyhij + a ij;k u k + 

+ h k (i h j )l[9 ml (e,m -jhs-, m u T v° - 2T£u r u w ) - u w g nl , m u m }}+ (U0) 
+ \{h ik g k [ ■ m u m (Tij + h jk g k ^_ ;m u m er ;i ) + 
+\{h ik g kl ;m u m ^ +h jk g kl :m u m uju) . 



36 



c) Rotation acceleration tensor W 

= <r(g)uj + uj(g)a + ^j-O.u) + V u uj+ 
+ \[u{a) <S> g(u) - g(u) <g> u(a)]+ 
+±[h u (a) ® {g(u))(2k - V u g)h u - h u ((g(u))(2k - V u g)) ® h u {a))+ 
+ ^[h u {V u g)a - o(y u g)K] + \[K{^ug)u + uj(\7 u g)h u ] . 

In index form 



Wij = -Wji = (Tikg u>ij - a jk g kl uju + ^M.Uij + u l3 - k u k + 
°jk u i + h k[i h j]li 



+\ ak i UJ l k u 3 - u jk u i + h k\i h mi9 ml (e, m - g rs ,mu r u s - 



fUq = a k . k - \-9kl ukal :mU™ = 

= a k ;k - ^[(g ri u k a l ), m u m - g kl . m u m u k a l - gjr^a 1 ] . 
f) Torsion-free and curvature-free rotation acceleration tensor pWo 



(141) 



-2T£ r u r u w ) -u w g nl ,rnu m ]}+ (142) 
+ \{Kkg kl ■ m u m ai j -h jk g kl ■ m u m au)+ 
H(h lk g kl ; m u m ^ h- k g kl , m u™u- u ) . 

d) Expansion acceleration U 

U = \.g{a,a)+g[n{g)a] +g[u{g)uj] +6' + ^-0 2 + 

+ \[2g(u 1 V a u) - 2g{u,T{a,u)) + (V„s)(a,u)] (143) 
~^.g(u,a).[3g(u,a) + (V u g)(u,u)] . 

In index form 

U = -.g-a'a-' + g~i g kl cj ikOjx - g T ^g kl w^ d i + 0" + ^.0 2 + 
+ \.g M a k [g ml {e, m - g rs;m u r u s - 2T£ r u r u w ) - u w g n _ l ^u" 1 ]- (144) 
+ ^[|(e, fc u fe ) 2 - (e t iu l ) giJ , k u k u l u3 + \(g lrM u k u l u^) 2 ] . 

e) Torsion- free and curvature- free shear acceleration tensor s fD 

sfDq =f D --FUo.hu 

n—1 

F D = h u (b s )h u , f Uq = g[b] - -.g(u, V„a) . (145) 

e 

In index form 

(fDo)« = (fD ) 31 = \. %(a fc ; n g nl + a 1 , n g nk )h^ , (146) 



(147) 



fW = h u (b a )h u . (148) 

In index form 

(FWoh = -(FWoh = \.h- k {a k n g nl - a\ n g nk )h lr (149) 
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g) Torsion-free and curvature-free expansion acceleration pUo (s. e 

h) Curvature-free shear acceleration tensor s Do = Dq — -^zj-Uo-h u 

D = h u (b s )h u - \[ s P{g)a + a(g) s P] - §[Q(3)w + u(g)Q\- 
-^(0i.<7 + 9. S P) - ^{6- + ^.ei.6)h u - V U ( S P)- 

-\[ s P{g)u - oj{g) s P] - \[Q{g)cj - cj{g)Q\- 
-^[K(a) O (g{u))(m + q)h u + h u ((g(u))(m + q)) <E> h u (a)- 
-llsP(a) <g> g(u) + g{u) ® s P(a)\- 

-\[K{Vug) s P+s P(V u g)hu\ - \[h u {V u g)Q - Q(V u g)h u } ■ 

In index form 

(-Do)ij = {Do)ji = h-j:( i h j y l a k ■, m g ml — s Pk(i° j)i9 kl - Qk(i UJ j)i9 kl - 

~ S Pij:mU m + s P k{t UJ 3)l g kl + Qk(i<Jj)ig U - 

-ia%P- k u, + s P- k u t + h^h^T^g™ 1 ]- 
— P- h - n kl v m — O- h -a kl ii m 

i) Curvature-free rotation acceleration tensor Wo 

Wo = K{b a )h u - \[ s P{g)o - a(g) s P] - \[Q{g)w - w{g)Q}- 
-^(Ollu + 9.Q) - V U Q - \[ s P{g)u + u;{g) s P}- 
-\[Q{g)a + <j{g)Q] - \[Q{a) ® g{u) - g{u) ® Q(a)]- 
-h[K{a) ® {g(u)){m + q)h u - h u ((g(u))(m + q)) ® h u (a)]- 
-\[h u {^ug)sP -s P(V u g)h u } - \[K{V u g)Q + Q{V u g)h u ] . 

In index form 

{Wo)ij = -(Wo)* - h Ilt h i]ia k , m g ml - s P^a^g™ - Qk^ 3 ]j9 M ~ 

+ O.Qij) — Qij- m u m + 

+ s Pk[i^j]i9 kl + Qk[ t Vj]ig kl - 

-'-■^(Q-^ Q jt Ui + h- k[i h j] - l u 7r T- r u r 9 ml )+ 
+sP- k[i h j p kl ;mU m + Q Ili h j]1 g kl , m u™ . 

j) Curvature- free expansion acceleration Uq 

U =g[b]-g[ s P(g)a}-g[Q(g)Lj}-9 1 - ^.9i.0- 
-\[g{u,T{a,u))+g{u,V u a)] . 

In index form 

U a = a k , k - . s P tk g ki a l] - g^Qikg^uij -9\- ^.Oi-O- 

+^(e,kU k )W - ^(g mn - r u r )- s u s u m u w \ . 
k) Shear acceleration tensor, induced by the torsion, s tD 

stDq =t Do 7-rUo-hu 

n- 1 
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tD = \[ s P{g)a + <r(g)sP] + h[Q(g)u + u;(g)Q}+ 

+^ I (e 1 .a + e. s p) + ^(fli + ^.e^K + v u ( s p)+ 

+\[ s P(g)u - u{g) a P] + \[Q{g)a - v(g)Q}+ fl 56) 
+±[h u (a)®(g(u))(m + q)h u + h u ({g(u))(m + q))®h u (a)]+ 1 ' 
+ \[sP{a) <g> g(u) + g{u) ® s P(a)}+ 

+\[K{^ug)sP+s P(V u g)hu\ + \[K{V u g)Q - Q(V u g)K] ■ 

In index form 

( T D )ij = ( F Do)ij - (D )« • (157) 
1) Expansion acceleration, induced by the torsion, tUq 

T U =%P(g)a}+g[Q(g)co]+e i + ^ 1 .e 1 .e+^.g(u,T(a,u)) . (158) 

In index form 

tUq =f Uo — Uq . 
m) Rotation acceleration tensor, induced by the torsion, tWq 

T W = \[.P®)o - a(g) s P] + \[Q{g)u: - oj(g)Q)}+ 
+ 9.Q) + \7 U Q + \[ s P{g)uJ + uj(g) s P} + 

+ ±[Q(g)a + a(g)Q] + (159) 
+^[h u (a)®{g(u))(m + q)h u -h u ({g(u))(m + q))®h u {a)]+ 

+\[Q{a) ® g(u) - g{u) <S> Q(a)]+ 
+ \[K{^ug) s P - s P(V u g)h u ] + \[h u {V u g)Q + Q(V u g)h u ] . 

In index form 

(rWo)tf = (^o) !3 - (Wb)« • (160) 
n) Shear acceleration tensor, induced by the curvature, S M = M — ^j.I.h u 

M = \.h u {a) ® h u {a) + \[ s E{g)a + a(g) s E] + \[S{g)u + cj{g)S} + 
+ ^(e o .(J + 0..E) + ^ T (9 + ^.6 .e)h u + V U ( S E) + 
+ \[ s E{g)uj - u(g) s E] + \[S{g)a - a{g)S] + 
+±[h u (a) ® (g(u))(k +k- V u g)h u + h u ((g(u))(k + k - V u g)) <g> h u (a)} + 
+l[ s E(a) ® g{u) + g{u) ® s E(a)}+ 
+\[K{V u g) s E + s E{V u g)h u ] + \[h u {V u g)S - S{V u g)h u ]- 
-h u (b s )h u . 



(161) 



In index form 



Mij = Mji = \.h^a k a l h- l:j + s E k{i a j)l g kl + S k{i uj j) ig kl + 
+ -^i( d o-<Jij + 0-spij) + ^t(^o + -^i-Oo-^hj- 
- s E k(i uj j) ig kl - S k ( i a j) ig kl + s E ij;k u k + 
+ l.a%E- kUl + s E jt Ui + % (i /i j)T ^(e, m - u w T^ r u r - (162) 

-grs;mU T U S + gTKr; S U S U r )} + 

+sE- k(l h j)1 g kl -,su s + S- k(i h ])l9 kl , s u s - 
-h- k{j h jri a k . m g ml • 
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o) Expansion acceleration, induced by the curvature, I 

I = -9[b] + 9[sE(g)a] + g[S(g)u] +6 + ^.B .e+ 

+ \[2g(u,V a u)-g{u,T{a,u)) + u{g{u,a))}- (163) 
—p-g{u,a)[3g(u,a) + (V u g)(u,u)] . 

In index form 

/ = iZyuV = -a? .j + g Tl g kl s E ih a l3 - + g^ g Tl 

+0 o + ^.80.6 + \[a k {e >k - u„T£ m u™ - g mn - M u™u n - 

-^.X um ) + 3(«* e .0,I«'-i-(fmnir«0i.« 8 « ro « H b 

-Ml ( e ,kU k f - (e. k u k )g mn , r u r u m u n + \{g m n;rU r u m u n ) 2 ] . 

p) Rotation expansion tensor, induced by the curvature, N 

N = \[ s E(g)a - a{g) s E] + ±{S(g)uj - uj(g)S} + 
+ ^(e o .uj + 9.S) + V U S + \[ s E(g)u + Lu(g) s E} + 
mS(g)a + a(g)S} + 
-^[h u (a] ® (g(u))(k + k- V u g)h u - h u ((g(u))(k + k- V u g)) ® h u (a)]+ 
+l[S(a) <g> g{u) - g{u) ® S(a)}+ 
+\[h u {Vug)sE - s E(\7 u g)h u ] + \[h u {V u g)S + S(V u g)h u }- 
-h u (b a )h u . 

(165) 

In index form 



N l3 = -Nji = s E k[i <r j]l g kl + S k[i u: j] ig kl + ^(^.Wy + O.S i3 )- 

(166) 



-sE k [iUjj]ig kl - S k ^(Tj]ig + S ir . k u k — h^h.^a ; m g ml + 



+ \ 1 ak _[ S ik u 3 - S jk u i + h k[i h j]l9 ml ( e ,m ~ U W T™ r U r ~ 

-g rS ; m u r u s + gwr ;s u s u r )} - 8 Ej^h } p kl - s u s - S^ j h j p kl :s u s 



A Table 1. Kinematic characteristics connected 
with the notions relative velocity and relative 
acceleration 

A.l Kinematic characteristics connected with the relative 
velocity: 

1. Relative position vector field 

(relative position vector) £j_ = g(h u (£)) 

2. Relative velocity re iv = g~{h u (V u £)) 

3. Deformation velocity tensor 

(deformation velocity, deformation) .. d = do — d\ = a + uo + —^j.0.h u 

4. Torsion-free deformation velocity tensor 
(torsion-free deformation velocity, torsion-free deformation) 
do = s E + S + ^j.9 .h u 
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5. Deformation velocity tensor induced by the torsion 
(torsion deformation velocity, torsion deformation) 
di = s P + Q + T ± T .9 1 .h. 



6. Shear velocity tensor 

(shear velocity, shear) u = s E — s P 

7. Torsion-free shear velocity tensor 

(torsion shear velocity, torsion shear) S E = E — -^zj-0 o .h. 



8. Shear velocity tensor induced by the torsion 

(torsion shear velocity tensor, torsion shear velocity, torsion shear) 
S P = P — ^zj-0i-h u 

9. Rotation velocity tensor 

(rotation velocity, rotation) u = S — Q 

10. Torsion-free rotation velocity tensor 
(torsion-free rotation velocity, torsion-free rotation) 
S = h u (s)h u 

11. Rotation velocity tensor induced by the torsion 



(torsion rotation velocity, torsion rotation) Q — h u {q)h u 

12. Expansion velocity 

(expansion) 6 = 8 — Q\ 

13. Torsion-free expansion velocity 

(torsion-free expansion) o = g[E] 



14. Expansion velocity induced by the torsion 

(torsion expansion velocity, torsion expansion) .... 9\ = g[P] ■ 



A. 2 Kinematic characteristics connected with the relative 
acceleration: 

1. Acceleration a = \7 u u 

2. Relative acceleration re ;a = ~g(h u (\7 U V u t;)) 

3. Deformation acceleration tensor 

(deformation acceleration) A = s D + W + -^—^.U.h u 

.1 .1. • C 

A = F A - t A + G 

4. Torsion-free and curvature-free deformation acceleration tensor 
(torsion-free and curvature-free deformation acceleration) 
fAq = sF Do+fWo + ^.fUo.K 

4. a. Curvature-free deformation acceleration tensor 

(curvature-free deformation acceleration) ... A = s D + Wo + ^zr[-Uo-h u 

5. Deformation acceleration tensor induced by the torsion 

(torsion deformation acceleration tensor, torsion deformation acceleration) 

tA = sT D +t Wo + ^zj-tUo-K 

5. a. Deformation acceleration tensor induced by the curvature 
(curvature deformation acceleration tensor, curvature deformation accelera- 
tion) 

G= s M + N+^.I.h u 
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6. Shear acceleration tensor 

(shear acceleration) S D = D — -^j.U.h u 

,D = s D + s M 

,D = sF D - sT Do + s M 

7. Torsion-free and curvature-free shear acceleration tensor 
(torsion-free and curvature-free shear acceleration) 
sfDo =f Do — -^Tj-FUo-h u 

7. a. Curvature-free shear acceleration tensor 

(curvature-free shear acceleration) S D = D — -^j-Uo-h u 

s Do =sF D — sT D 

8. Shear acceleration tensor induced by the torsion 
(torsion shear acceleration tensor, torsion shear acceleration) 
stDo =t Do — ^zj-TUo.h u 

8. a. Shear acceleration tensor induced by the curvature 
(curvature shear acceleration tensor, curvature shear acceleration) 
s M = M-^.I.h u 

9. Rotation acceleration tensor 

(rotation acceleration) W = Wo + N 

W = F W - T W + N 

10. Torsion-free and curvature-free rotation acceleration tensor 
(torsion-free and curvature-free rotation acceleration) 
fW = K(b a )h u 

10. a. Curvature-free rotation acceleration tensor 

(curvature-free rotation acceleration) Wo — W — TV 

Wo =f Wo — t Wo 

11. Rotation acceleration tensor induced by the torsion 
(torsion rotation acceleration tensor, torsion rotation acceleration) 
tWo =f Wo — W 

11. a. Rotation acceleration tensor induced by the curvature 
(curvature rotation acceleration tensor, curvature rotation acceleration) 
N = K{K a )h u 

12. Expansion acceleration U = Uo + I 

U = F Uo- T Uo + I 

13. Torsion- free and curvature- free expansion acceleration 
f^o = 9[fD ] 

13. a. Curvature- free expansion acceleration ... Uo=g[Do] 
Uo =f Uo — t Uo 

14. Expansion acceleration induced by the torsion 

(torsion expansion acceleration) Uo = g\rDo] 

14. a. Expansion acceleration induced by the curvature 
(curvature expansion acceleration) / = g[M] = ~g[G] 



42 



B Table 2. Classification of non- isotropic auto- 
parallel vector fields on the basis of the kine- 
matic characteristics connected with the rel- 
ative velocity and relative acceleration 

B.l Classification on the basis of kinematic characteristics 
connected with the relative velocity 

The following conditions, connected with the relative velocity, can characterize 
the vector fields over manifolds with affinc connection and metric: 



1. 


a = 


0. 




2. 


U) = 


0. 




3. 


e = 


0. 




4. 


a = 


0, LU 


= 0. 


5. 


a = 


o, e 


= 0. 


6. 


LU = 


o, e 


= 0. 


7. 


a = 


0, LU 


= o, e = o 


8. 




= 0. 




9. 


S = 


0. 




10 


■ e 


= 0. 





11. S E = 0, S = 0. 

12. S E = 0,6 o = 0. 

13. S = 0, 6 = 0. 

14. S E = 0, S = 0, B = 0. 

15. S P = 0. 

16. Q = 0. 

17. 0i = 0. 

18. S P = 0, Q = 0. 

19. S P = 0,9! = 0. 

20. Q = 0, 0i = 0. 

21. S P = 0, Q = 0, 0i = 0. 

B.2 Classification on the basis of the kinematic character- 
istics connected with the relative acceleration 

The following conditions, connected with the relative acceleration, can charac- 
terize the vector fields over manifolds with affine connection and metric: 

1. S D = 0. 

2. W = 0. 

3. U = 0. 

4. S D = 0, W = 0. 

5. S D = 0, U = 0. 

6. W = 0, U = 0. 

7. S D = 0, W = 0, U = 0. 
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8. S M = 0. 

9. N = 0. 

10. / = 0. 

11. S M = 0, N = 0. 

12. S M = 0, I = 0. 

13. N = 0, I = 0. 

14. g M = 0, iV = 0, J = 0. 

15. sT A) = 0. 

16. tVK = 0. 

17. t Uq = 0. 

18. sT ^o = 0, T W = 0. 

19. sT D = 0, T C/o = 0. 

20. T W = 0, T Uo = 0. 

21. sT D = 0, T VKo = 0, T Uo = 0. 
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